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Mo dern Techniques of Power Spectrum Estimation
Christopher Bingham, Michael D. Godfrey, and John W. Tukey

Abstract{The
transform

pap er discusses the impact of the fast Fourier
on the spectrum of time series analysis. It is

the computationally fastest way to calculate
mean lagged pro ducts is to begin by calculating all Fourier
coecien ts with a fast Fourier transform and then to fast-
Fourier-retransform a sequence made up of aE + lf (where
ax + ibx are the complex Fourier coecien ts). Also dis-
cussed are raw and modied Fourier perio dograms, band-
width versus stabilit y aspects, and aims and computational
approac hes to complex demo dulation. App endices include
a glossary , a review of complex demo dulation without fast
Fourier transform, and a short explanation of the fast Four-
ier transform.

shown that

I. The Overall Situation

The practice of spectrum analysis is entering either its third or
fourth era. The periodogram came, proved unsatisfactory, and
left. The estimation of spectra via mean lagged products came,
helped us to learn many things about the essetial limitations

of the problem, and proved e ectiv e in answering many ques-
tions. Complex demodulation was well on its way, once disk
memories had changedthe balance of computational e ort, to-
ward a replacemert of the mean-lagged-praducts route, both
becauseof its savings in computational e ort and becauseit
provided simpler and more e ectiv e approachesto lessobvious
questions, such as those related to lack of stationarit y. Today
the fast Fourier transform has upset almost all our computa-
tional habits, and has greatly reduced computational e ort.

The theory that is supposedto underlie the practice of spec-
trum analysis is at least approaching a major transition of its
own. In Schuster's day, it would seem,we thought of a single
function and its decomposition. Through the decades, prob-
abilistic models, initially often based on stationary Gaussian
distributions played their parts. (Only recertly have we be-
gun to use nonstationary and nonGaussian models to guide
our analysis.) Sometime series, like earthquakes, are \signals"
in the sensethat a \rep etition" would be an exact copy, while
others, like ocean waves from a distant storm, are \noise" in
the sensethat a \rep etition" would have only statistical char-
acteristics in common with the original. The time is now ripe
to study our procedures from both points of view: How will
they behave when applied to signals? How will they behave
when applied to noise? At presert, however, this developmert
has not beencarried far enough for us to be able to go usefully

beyond a general indication of things to come.

Spectrum analysis can mean many dierent things. The
cross-sgectrum has long taught us more than has the spec-
trum, both in two-series problems and in many-series prob-
lems. Today, the bi-spectrum [1], [2], the cepstrum and pseudo-
autocorrelations [3], and the study of complex-demodulates [4],
[2] are all contributing to our knowledge. Fortunately, the im-
pact of modern techniques upon all of these approaches has
been rather similar. Thus, we can illustrate much of general
application by concertrating on the simple spectrum and com-
plex demodulates.

I1. Real and Complex Fourier Analysis
Given a real function of time, expansionsin terms of cos! t
and sin! t with real coe cien ts, and expansions in terms of
e tande " with complex conjugate coe cien ts are triv-
ially equivalent. Both in easeof computation, and, especially,
in suggestivenessof computational approachesthere are, how-
ever, real though minor, dierences. In this paper, we shall
be discussing the subject in terms of the complex expansions,

which seemto have the edge.

I1l. The Fast Fourier Transform
We are usedto thinking of the successie valuesof a time series
written out in along line. We can alsowrite them out (from left
to right) in the successie lines (ordered from top to bottom)
of a rectangular array.

If we want to make a Fourier transform of our rc points
(where there are r rows and c columns) by nding the rc co-
e cien ts of a (nite) Fourier seriesthat will exactly reproduce
the rc given values, it is true, though not obvious, that we can
begin by doing c parallel Fourier transforms, ead of length r;
on the individual columns, and then combine the results thus
obtained. This \factoring" saves arithmetic, and if repeated
many times, saves much more arithmetic. (For more detail see
App endix I11.)

In the particular caseof two columns, where we wish to ex-
tend a Fourier series corresponding to the r elemerts in the
rst column to a Fourier serieswith twice as many coe cien ts
corresponding to all 2r elemerts in both columns, the existence
of this possibility was pointed out by Danielson and Lanczos[5]
in a paper recertly brought to light by Rudnick [6]. The gen-
eral casewas pointed out by Good [7], and taken seriously by
Cooley and Tukey [8] who stressedthe advantages of factoring
into many small factors.
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If we have N = 2" values, we require about 2nN = 2N
logxN operations to evaluate all N corresponding Fourier coef-
cients. In comparisonwith the number, a large fraction of N 2.
required by conventional procedures, this number is so small
as to completely change the computationally economical ap-
proach to various problems. For n = 8192 points, and an IBM
7094 computer, Cooley reports about 8 secondsfor the evalu-
ation of all 8192 Fourier coe cien ts. Conventional procedures
take on the order of half an hour.

IV. The Paradox

One reason for the rise of the mean-lagged-praduct approach
to spectrum analysis was the computational economy. It took
markedly fewer operations to calculate perhapsatenth asmany
mean lagged products as there were data points, and then
to Fourier transform the results, than it did to calculate the
Fourier coe cien ts. [The dream of calculating all these coe -
cients lurked o stage, however, and led Simpson, for example,
to develop a procedure based upon progressive (binary) dig-
iting for calculating all the Fourier coe cien ts when the data
values had, or could be treated as having, limited accuracy.]
We all \knew" that the e cien t route was via mean lagged
products.

As Sande [9] has shown, the fast Fourier transform has
changed all this. The computationally fastest way to calculate
mean lagged products is to begin by calculating all Fourier co-
e cien ts (of an extended series)with a fast Fourier transform
and then to fast-Fourier-retransform a sequencemade up of
a2 + b (where a2 + ib? are the complex Fourier coe cien ts).
The key device it to border the data values with enough zeros
to make the required noncircular sumsof lagged products equal
to the corresponding circular sums of lagged products, which
arise directly from the Fourier retransformation. If one wants,
for example, the rst 500 mean lagged products basedon 3596
(= 4096 - 500), the computing time is cut by a factor of 12.
Thus, the ecien t route now goes via Fourier coe cien ts to
the mean lagged products.

This possibility arises because mean lagged products are
essetially the elemerts in the convolution of two series,onethe
original data, and the other the data turned end for end. (The
closerelation of convolution to the Fourier transform has long
beenan important commonplace of real analysis.) As a result
of the rise of the fast Fourier transform, whether or not one goes
through mean lagged products has become a computational
detail.

Sande, Stockham, and Helms are among those who recog-
nized the generality of the gain in calculating convolutions via
the fast Fourier transform. Stockham [10], in particular, has
made it clear how to take advantage of the fact that one of
the sequencedo be convolved is shorter than the other. With
presert techniques a consenative estimate of the break-even
point puts it at about 25 for the length of the shorter series
[11].
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V. Raw and Modi ed Fourier Periodograms
How then shall we estimate the spectrum? The rst step is
to calculate all the Fourier coe cien ts ax + ibx: Once it would
have been\obvious" that the next step would be to calculate
the entries a2 + b that make up the raw Fourier periodogram.
Today we are more concernedwith the nature of the \windo ws"
corresponding to the ag; the b; and the a2 + &:

The nite Fourier transform is perfect for the frequencies
I EN ;lk; ; corresponding to the Fourier coe cien ts ac-
tually calculated. Specically, if we add Cj coq! jt+ ;) to
the value for time t; doing this for all valuesto be transformed,
we will alter the valuesof a; and by ; but leave untouched (ex-
cept for roundo error) those of the other ax and b : If we add
Ccodq!t+ ); where! is none of the !;; then every a and
b will be aected, the e ects having alternating signs and de-
caying slowly (like 1=j! ! j) as! k recedesfrom ! : Soslow a
decay|so much leakage|is often unacceptable.

The simplest approach is to hann the Fourier coe cien ts,
either directly or by the use of a data window before Fourier
transformation. It is important to correct for leakage before
squaring and adding; linear modi cation is desirable; quadratic
modi cation, as by corvolving neighboring a2 + b with ap-
parently suitable coe cien ts, is nearly uselessas a means of
reducing leakage.

If we consider the hanned Fourier coe cien ts

A= (1=8)ax 1+ (1=2)ax (1=8)ax+
and
Bk = (1=4)bc 1+ (1=2)b  (1=4)bc+1
(where the  signswould bereplacedby + signs, both hereand

in related formulas following, if we were to certer our values of
t at 0), we nd that their windows fall o, not like j! L 1
but like j! I'«j 3 greatly reducing problems with leakage.
Accordingly, A2 + B2 may prove a satisfactory replacemert for
aZ + b: (Under somecircumstancesit is; under others, we can
do still better.)

Notice that we have convolved %; %; and 1 with the
Fourier coe cien ts. Alternativ ely, we could have reached the

sameend by multiplying the data values X; by a suitable func-

tion of time. If t runs from Oto T  1; this function turns out
to be

1 t

= 1 cos2 =

2 T

which is exactly a cosinebell.

To modify the periodogram by linear hanning can be done
equally well in two ways: 1) convolving 1; 1; and 3 with
the Fourier coe cien ts or 2) multiplying a cosinebell into the
input data. (The choice is only a computational one.) There
will be similar choicesfor any of the other simple modi cations

of the periodogram that we chooseto consider.
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Whatev er modi cations we choose,eac AZ + B2 will follow
a simple exponertial distribution when the original obsena-
tions are a sample from a Gaussian process,and thus can pro-
vide only 2 degreesof freedom. Spectrum estimates of useful
stabilit y will require adding together seweral or many such sums
(for adjacent frequencies). It is for their contributions to such
sumsthat we calculate either raw or modi ed periodograms.

VI. Balancing Bandwidth and Stability

The needto balance bandwidth of a spectrum estimate, which
it is natural to make narrow, against the estimate's statistical
stability, which it is natural to make great, is by now almost
commonplace. In dealing with noise-like data this can be the
remaining decision of crucial importance, provided we are oth-
erwise using good techniques.

One di erence between noise-like data and certain kinds of
signal-like data, is now apparent. Supposethat our input is
signal-like, and is essemially the result of di eren tial attenua-
tion of the frequenciesof an initial signal that di ered from zero
for only a very short duration (as compared to the spacing be-
tween our obsenations). Under these conditions, both phases
and amplitudes will usually be reasonably smooth functions of
frequency. Unlessmeasuremern or background noiseis of major
importance, our main concern is that the quantities we assess
are really appropriate to their nominal frequencies. Statistical
stability of the estimates will then be a minor consideration.
Accordingly, our main aim will be to avoid leakage, and we
will nd something like the linearly-hanned periodogram quite
satisfactory.

On the other hand, if we deal with noise-like data with area-
sonably at spectrum our concernwith statistical stabilit y will
be great. We may even be willing to usethe raw periodogram,
though this is rather unlik ely.

The most frequent situation will call for both reasonable
care in preserving statistical stability and reasonable care in
avoiding leakagetroubles.

If, for illustration, we were to convolve another short se-
quence of coe cien ts with the hanned ax and hanned hy; we
will preserve the order of decay of minor lobesat j! i 3
though the corresponding coe cien t may well increase. Proper
choice of such a sequencecan restore, to the sums of successie
modi ed periodogram valuesthat are the natural estimates of
the spectrum contribution from a frequency interval, most of
the statistical stability that we lost when we hanned the ax
and b: Qualitativ ely, we have, using the equivalent descrip-
tion, multiplied the input data by a time function that 1) joins
smoothly with zero at the ends of the data interval, 2) rises
smoothly but moderately rapidly, and 3) is roughly level over
most of the data. Some such data window appears to be the
natural way to have and eat as much of our cake as possible|
to combine statistical stability of sums with low leakage for
individual terms.
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VII. Interim Computational Recipes

We hope soon to know more about this balance, into which
Sande has beenlooking actively. Until we have good reasonto
choose, however, we should proceedby judgment. Multiplying
the data by a smooth function consisting of a short left-half
cosine bell, a long constant and a right-half cosine bell seems
today quite reasonable. If we make the half cosine bells eath
one tenth the length of the data, we may be making a reason-
able compromise. For data stretching fromt=0tot=T 1;
the formulas for such a data window would be

1

t .
> 1 cos oI for0O t 01T
1 for 0:1T t 09T
1 t . .
> 1 cos 0T for0:9 t T;
that is,0 T t O:AT:

Once we have applied this data window, we can add zeros
to the ends of the data, make a fast Fourier transform, and
calculate the raw Fourier periodogram of this modied time
series, thus producing a modi ed periodogram of the original
seriesas a basis for spectrum estimation.

In doing this, it will often be important to adjust the data,
before windowing, to something closeto mean zero and mean
linear trend zero. Asking the half cosinebells to deal with large
jumps can be quite unwise.

VIII. The Aims of Complex Demodulation
Complex demodulation can be consideredto be a method of
producing low-frequency \images" of more or lessgross-frequ-
ency componernts of a time series. Computationally , eac fre-
quency band of interest is shifted to zero and the result run
through a low-pass Iter. If X is the original series, the
frequency-shifted seriesis

X (19 =Xxe ™’

and the Itered complex demodulate is the complex-valued
time series

Z(19 = asXiss(! Y:
S= m
(Retaining complex valuesis necessaryto discriminate between
19+ and !° after the frequency shift.) Z.(! 9; being
complex, may also be expressedin polar form as

Z:(19 = jze(t 9je 00,

where (! % and jZ((! 9j are now the phase and amplitude (or
magnitude ) of Z.(! 9.

Properties of the time seriesX; or of the processfrom which
it comes,that are 1) local in frequency, and 2) smoothly chang-
ing over frequency, can be assessear estimated in terms of the
complex demodulates. For instance, if f(!) is the spectrum
density of X; then f (! ) ! represerts the variance assignable
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to the frequency band (! 1 =2;1 + | =2); and can be esti-
mated by an averageof squared amplitudes of a corresponding
complex demodulate (demodulated at ! ). Similarly, crossspec-
tra or higher-order poly spectra can be estimated from averages
of products of complex demodulates from two or more series.

Such estimates as these are averagesof time functions over
the entire length of the series and thus estimate time-global
properties of the seriesor process.Only in the caseof stationar-
ity will thesealsobe time-lo cal properties. However, evenin the
presenceof nonstationarit y, the behavior of individual values
of the demodulates depends on relativ ely time-lo cal properties
of the series. Accordingly, time-local averagesof the complex
demodulates can indicate or estimate such properties, show-
ing up the existence or character of lack of stationarity, and
providing basesfor tests of the very hypothesis of stationarit y
itself.

An example of a time-local property is what can be called
the \instan taneous phase" of the series at a particular fre-
quency [12]. Supposethat there is a real \spik e" in the spec-
trum of a time seriescausedby the presenceof a strong semi-
stable rhythm. In particular, consider the casewhen X; =
Ccog!t+ ): Frequency shifting down by ! %=1 + I will
yield

% exp[ i(! + !)t]
[exp[i(t t+ )]+ exp[ i('t+ )

= el it ! ;

i.e., asignal containing frequencies ! and?2! + ! :Hopefully,
if our low-pass lter is any good, the componert near 2! will
be eliminated and we will be left approximately with

C

)+ exp[ i[2! + !)t+

Z(t+ )= > A( Nexp[ it ! + )
where A(1 ) = jA(1)jeé ) is the transfer function of our low-
pass lter. Thus,

phaseof Z¢(! 9= (!t+ )+ ( )

which is linear in t with slope ! ;and canbeusedto estimate

! and, hence,! , the frequency of the underlying oscillation.
More generally this suggeststhat it may be interesting to ex-
amine the phasesof the complex demodulates, whether or not
the data has a single underlying harmonic componert. Notic-
ing any identi able pattern is likely to make it worth thinking
about possible causes.

IX. Computational Approachesto
Complex Demodulation
The most obvious procedure of computing complex demod-
ulates is to work with the de ning formulas, rst explicitly
shifting frequency by multiplying by a complex exponertial
and then ltering the result with suitably chosen Iter weights
a; . A rough measure of the e ort involved in an algorithm is
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the number of multiplies and adds needed. The number of
(real) multiplies to demodulate around a given frequency by
the naive method is 2T + 2(T  2m)(2m + 1)+ (the cost of
computing the exponertials, say 4T) = 6T + 4Tm; and a com-
parable number of additions, where 2m + 1 is the length of the
Iter. This works out to be about 6 + 4m per original data
point.

There are seweral ways to reduce the cost of computing de-
modulates.

1) Computing the values of a demodulate for all t is waste-
ful. Sincethesevalueshave beenlow-pass ltered, you losevery
little information be decimating them|b y computing only ev-
ery Dth value, say. And it seemsclear that while D cannot be
larger than m; it can probably be a modest fraction of m; say
D = m=: If we compute only T=D values of our demodulate,
we will need only 6T + 2(T 2m)(2m + 1)=D multiplies or
approximately 6+ 4 per original data point, which is likely to
be much smaller than 6+ 4m:

2) If we can be satised with a low-pass lter made up
by seweral (say k) successie equal weight moving averagesof
length mj;j = 1, ;k (calculatable as moving sums), we can
replace multiplication by addition, passing from one moving
sum to the next by adding one new value and subtracting one
old one. We will still have 6T multiplies to get the frequency
shifted seriesbut only approximately 4kT adds, or about 6 mul-
tiplies and 4k adds per original data point. By the very nature
of this algorithm we cannot gain by decimation. It should be
pointed out that estimating the spectrum from complex de-
modulates ltered by a single moving averageis equivalent to
using a Bartlett window in the so-calledindirect method, while
two of the samelength is the same as a Parzen window. (For
more details seeApp endix B.)

3) Low-pass ltering is essetially a convolution operation
and, hence, the fast Fourier transform might be useful. The
number of operations per data point is of the order 4log,2m:
This is a great improvemert over the naive approach for long
Iters.

4) Another and more fruitful approach to using the fast
Fourier transform in complex demodulation is the following.
Let us compute the fast Fourier transform of the entire time
series,probably extended with zeros. Instead of smoothing this
as we did to obtain a modi ed periodogram, let us multiply it
by a suitable discrete function of frequency cerntered, say, at
1 % and shift the result sothat 1 %! O Tpus, if By are the
valuesof the multiplying function and ¢, = txlei“ k are the
original Fourier coe cien ts, the new coe cien ts (after shifting
by 1%= 1) are Cr(]") = BhCh+k: Let us now consider these
coe cien ts asthe Fourier coe cien ts of a new time series,one
for each k to be considered. Taking the inversetransform leads
to X

Zi(' k) = bsXi+sexp[ i(t+ s)!l;
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where bs = |, Bk exp(is! k): We recognizethis complex time
seriesas a complex demodulate at ! 0= 1,: Sofar we have re-
ally done nothing more than usethe fast Fourier transform to
convolve the time serieswith a lter asdiscussedbefore. How-
ever, by choosing B; to be zero except over a relativ ely short
band of frequencieswe can do the inversewith a short and still
cheaper transform, automatically obtaining a decimated series
that ought to satisfy us, sinceit clearly contains all the infor-
mation in the Fourier coe cien ts involved in its values. Thus,
we can at once combine the computational superiority of the
fast Fourier transform with the sensible practice of decimat-
ing the values of the demodulates. (We will probably want to
consider overlapping frequency bands in this process.)

A possible disadvantage of this method is the fact that we
have replace a transverse Iter of limited extent with a circular
lter extending over the entire time series. This is a familiar
situation, except we are used to having it in the frequency
domain, rather than in the time domain. We now worry about
leakage acrosstime, not frequency, but we are unlik ely to need
new ideas or conceptsin arriving at sensible procedures.

Appendix |

Glossary
Time Series

Discrete time range: A nite number of equally spacedval-
ues of time.

Note 1: In all formulas, unless otherwise speci ed, there
are T valuesof time, spacedone unit apart, starting with
0 and ending with T 1:

Discrete time series: An assignmert of a numerical value
Xt to eac time t of a discrete time range.

Note 1: Unlessotherwise speci ed the valuesof a discrete
time seriesare real.

Continuous time range: A nite continuous interval of val-
ues of time.

Continuous time series: An assignmen of a numerical value
to each time of a contin uous time range.

Note 1: In practice, any contin uoustime seriesis equiva-
lent in every obsenable respect to a discrete time series
consisting of su cien tly closely spacedvalues. Hence, all
time seriesconsidered here are discrete.

Ideal (or utopian) discrete-time stochastic process: A discr-
ete-time stochastic processwhich 1) extends fromt = 1
tot = +1; 2) has nite variance (for eac t), and 3) is
second-order stationary .

Attainable discrete-time stochastic process: A discrete-time
stochastic processde ned for (only) a ( nite) discrete time
range.

Noise: A time seriesin which it is most fruitful to consider
the values as random variables. Repetitions of such a time
seriesunder essetially identical conditions need have only
statistically de nable properties in common.

Signal: A time serieswhose values are probably most use-
fully regarded as nonrandom, in the sensethat a repetition
under essetially identical conditions would yield essetially
the same series.

Note 1. The dierence between noise and signal can,
sometimes usefully, be regarded as a di erence in what
we regard as \essertially identical conditions."

Operations on a time series

Data window: A function of discrete time by which a time
seriesis multiplied.

Note 1: The useof a data window is often very appropri-
ate before Fourier transforming, or before other processes
that could could conveniertly begin with a Fourier trans-
form.

Convolution of two nite sequenes: The sequence

Zt = stt s

wheret variesover all valuesfor which the sum is non-empty,
and where each sum is over all s for which the summand is
de ned.

Transfer function of a lter: The output of a linear Iter
operating on the time seriesX; = coq! t + ) hasthe form
T = jA(Y)jcod! t+ + (!)]: The complex-valued function
of angular frequency ! ; A(') = jA(!)j exp[i (!)]; is the
transfer function of the lter.

Note 1: The transfer function of the transverse lter,

X X

Y, = asXi+s isA(l) = ase™ :
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Fourier Transforms of a discrete Time Series

The (continuous) Fourier transform of a discrete time se-

ries: The complex-valued function of (angular) frequency
!

X 1

X()= X exp(it! ):

t=0
Note 1: X (! ) is always periodic with period 2 :

Note 2: If the X arereal, X( !) = [X(!)] (complex
conjugate), and the contin uous Fourier transform is de-
termined by its valuesfor 0 !

Note 3: The contin uous Fourier transform is of theoret-
ical importance only, helping to unify both discussions
and insight.

The (unnormalized) Fourier coe cients of a discrete time
series: The T complex numbers

ax + ibg = X 2$; k=0, ;T 1
Note 1: Becauseof the periodicity of the Fourier trans-
form, we could de ne Fourier coe cien ts for negative fre-

guenciesas

ax+tib (=X ZT?k =ar + ibt «:

Note 2: If X isreal,ar x = ax and by ¢« = b¢: Hence,
kb = 0; and, if T is even, br-, = 0: Thus, all Fourier co-
e cien ts can be determined from the coe cien ts of the
rst (T + 1)=2 (T odd) or (T + 2)=2 (T even) frequen-
cies. These contain exactly T (nonidentically vanishing)
real numbers. Suitably normalized these T real numbers
(ao;a1;bi; ) are an orthogonal transform of the (real)
Xt:

Note 3: If X is complex, all T frequenciesare needed
and all coe cien ts are, in general, geruinely complex.
Suitably normalized, the 2T ax and by are an orthogonal
transform of the 2T real and imaginary parts of X;:

Note 4: (inversetransform) If Yy = ax  ibx (note sign),
then the X can be found from the Fourier coe cien ts of
Yk as
1 t .
T T ( meanscomplex conjugate):

Note 5: If X isreal, then X = (1=T)Y (2 t=T):

Hyper-Fourier coe cients of a discrete time series: If a dis-
crete time seriesis extended to atime seriesoflength S T
by adding zeros at its ends, the Fourier coe cien ts of the
extended seriesare a set of hyper-Fourier coe cien ts of the
original time series.

The fast Fourier transform: An algorithmic processfor cal-
culating with great computational e ciency the Fourier co-
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e cien ts of a given series, provided the number of values
given has many small factors.

Note 1: The algorithm used makes particular use of the
structure of fe? ™ =T g; for t variable and k a parameter
(or vice versa), and requires on the order of 2TlogT
arithmetic operations when T is a power of 2. (Naive
calculations require T2 or T2=2 arithmetic operations.
For more details seeApp endix 111.)

Periodogram of a Discrete Time Series

Continuous periodogram of a discrete time series: The real-
valued function of angular frequency !
X 1

Xt exp(it! )
t=0

2
JOENE

Note 1: P(!) is proportional to the squared modulus of
the (contin uous) Fourier transform of X;:

Note 2: A useful relation if X is real is

X 1
P()= 2C; coqt! );

where

ét:

|
X
n
X
n
+
—
o

and
¢ =¢, fort o

The (raw) Fourier periodogram of a discrete time series:
The sequenceof values (a2 + b)=T (attached to frequency
I = 2 k=T) where the ax + ibx are the Fourier coe cien ts
of the time series.

Note 1: The values of the Fourier periodogram are also
given by P(2 k=T); where P (! ) is the contin uous peri-
odogram of X;:
Modi e d Fourier periodogram of a discrete time series: If
the Fourier coe cien ts of a discrete time series, possibly
extended with zeros, are smoothed before squaring, the re-
sulting function of (discrete) angular frequency is a modi ed
periodogram.

Note 1: The samemodi ed periodogram can be obtained
by multiplying the given time series, possibly extended
with zeros, by a suitable data window, and then forming
the raw periodogram of the modi ed series.

Note 2: For example,
PAL) = A=T)iX (1 W)}
where
X()= (1=)X (1 1)+ 1=2)X(1«)

QA=)X (Y k41 );
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is the modi ed periodogram obtained by simple hanning
of X (1) (in the form appropriate for a seriesbeginning
at t = Orather than certered there). The equivalent data
window is proportional to (1=2)(1 cos2 t=T):

Note 3: A modied periodogram is not to be confused
with, and cannot be obtained as, the result of smoothing
a (raw) periodogram.

Spectrum of a Time Series

Spectrum as a generl concept: An expression of the con-
tribution of frequency rangesto the mean-squaresize, or to
the variance, of a single time function or of an ensenble of
time functions.

Spectrum of an ideal discrete-time stochastic process: The
relations

Z
avef X Xt+sg = coss! dSo(! );
0
s=0;1;2;
and d
covf X X1+sg = coss! dS(!);
0
s=0;1;2;

de ne, for any real ideal discrete-time stochastic process,
essettially unigue increasing functions Sg(! ) and S(! ) for
0 ! + . S or, better, S; is conventionally taken
to represert the (unnormalized) cumulativ e spectrum of the
process.

Note 1: Sometimes, especially when ! is allowed to run
from to + ; (1=2)So or (1=2)S is so taken.

Note 2: The derivative dSp(! )=d! or dS(! )=d! ; when it
exists, is the (unnormalized) spectrum density.

Spectrum of an attainable discrete-time stochastic process
over a xed intgrval: Let | be a time interval of integer
length jlj: Let | in , beasum overintegersor \half inte-
gers" with half weight when t is an endpoint of | : Let

X
R(s) = i coVf X 4 s=2; X1 s=2j0;
tin i
s=0 i 1
z
R(s) = coss! dS(!); s=0; :jlj L

0
where X is a real attainable discrete-time stochastic pro-
cess.Then any S(! ) such that

Z
R(s) = coss! dS(!);

s=0; ;jlj 1L

0
is said (by us) to be a cumulativ e spectrum for the process,
averagedover the time interval | :

Cosine polynomial principle: The theorem that any homo-
geneous quadratic function Q of the obsenations has an
average value of th% form

avef Qg = q(! )dS(! ) + q(0)(avef X g)?
z°
q(! )dSo(!)
0
for every real ideal discrete-time stochastic process,where
q(! ) is a polynomial in cos! of degreeno greater than the
greatest di erence in the subscripts in the X's entering Q:

Spectrum estimate; A homogeneousquadratic function Q is
said, for every ideal discrete-time stochastic process,to es-
timate the spectrum (density) dS(! )=d! weighted by q(! );
where q(! )'s existenceis assertedby the cosine polynomial
principle.

Note 1: If Q is a linear combination of a selected set of
special quadratics, such as

1 X
T Xt+ s=2xt s=2

or alternativ ely,
i X
i
tin

(Xirs=2 Xy 5:2)2§

then it is said (by us) to estimate the corresponding
weighted spectrum, whether or not the processis second-
order stationary.

Leakageinto a spectrum estimate: A phenomenonby which
the value of a spectrum estimate, which was intended to
estimate a weighted average of the spectrum over a specic
frequency interval, is a ected by componerts of more or less
remote frequenciesoutside the interval.

Appendix 11

Complex Demodulation Without
the Fast Fourier Transform

Review of developments

Calculations of power spectrum estimatesthat move directly
from observed data (probably multiplied by a data window) to
a function (or functions) of frequency, without intermediate
calculation of other time-domain functions (such as correlo-
grams or mean lagged products) are instances of direct estima-
tion. Direct estimation has been carried out for many years
through the use of special purp ose analog devices (harmonic
analyzers, Iter banks, wave analyzers, etc.). For the earlier
general purp ose computers and before the arrival of disk and
large memories, it seemedthat direct estimation would be less
e cien t than going through mean lagged products. However,
both hardware and algorithms have changed rapidly, so that
today the choice of method depends more on the objectiv es of
the analysis than on technical limitations.
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Although most of the stepsinvolved in direct digital spec-
trum estimation without fast Fourier transforms have been
studied in connection with digital Itering, their incorporation
into more or lessgeneral purp osecomputer programs has been
very recert [2], [13], and [15]. Computations using the proce-
dures described below have been performed both on an IBM
7094 [2] and on an IBM 1620, Model 1 [13]. The large storage
requirements of this method make the use of a disk practically
essettial with either machine, but the size of the machine (i.e.,
at the main frame) has proved unimp ortant.

Use of Complex Demodulation

The direct method of spectrum estimation using complex
demodulates is as follows:

If X¢;t=0; ;T 1;isatime series,a complexdemodulate
at (angular) frequency ! °is the complex time series
Xm 0
(1% = asXisse "
S= m
where as;s = m; ;m; are the weights of a (usually sym-

metrical) low-pass Iter. First the frequency content of the
seriesis shifted down by ! ° by multiplying by the complex ex-
ponential, and then the result is low-pass Itered. The result
Z:(! 9 should then be a \lo w-frequency image" of that part of
Xt which can be assaiated with variations at or near frequency
1 % (One point to be noted is that the processof ltering has
deprived us of m obsenations at each end of the series,so that
Z:(! 9 iscompletely dened only fort=m; ;T m 1) The
natural estimate of the (averaged) spectrum near ! is then

1 TXn 1
2m

f(9= iz 9j%

Relation to the Mean-Laggel-Product Route

We can rearrange the complex-demodulate estimate to yield

1 TXT] 1
izt 93
o izt (1 9
t=m
Xn Xn . o l TXn 1
= as, as, €t 52V T m Xt 53Xt syt

S1=msz= m t=m

For each value of s; and s, appearing in the outer sums, the
innermost sum is a mean of lagged products at lag s1  Sz: In
general, all these sums for a given lag s will dier. However,
if the X seriesbegins and ends with at least 2m zeros (i.e.,
Xo= X1 = =Xm 1= XT 2m = = X7 1:0);then

l Tan
T 2m

Xt slxt s1+s
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1

T T
T

T 2m

The complex-demodulate estimate of the spectrum is, under
these circumstances, given by

X X -

E(s):

0
as; As, 9(51 s2)! T 2m é(Sl S2)
S1 S2
X 4
= T sz Qe'S! OC(S),
S
where X
bs = a51 aSz:

S1+Sp=s

The conventional mean-lagged-praduct estimate is (in one of
the preferred forms)
o X X
be® C(s) =

s s1 Sp

. 0
as,as,€ 1 52 "E(s):

One way of describing the above algebraic identit y is to remark
that the useof the mean-lagged-praduct estimate is equivalent
to including in the complex-demodulate estimate all possible
output values of the low-pass lter, even those which are in-
complete becauseof the \end e ects." For large T the e ect of
including or excluding these is negligible and the two methods
are e ectiv ely identical.

Bandwidth and Stability

However, if we estimate a spectrum as a quadratic function
of the data (the bestwe can do is to estimate \on the average"
the result of weighting the spectrum by a well-chosen cosine
polynomial) there is inevitably a question of compromise be-
tween narrow bandwidth and high statistical stability. Much
has beenwritten, somehelpfully, on this point. For large T; as
we noticed above, the use of complex-demodulates is essenially
equivalent to the use of mean lagged products with a matched
window. Accordingly, all the usual discussion applies to es-
timation by complex demodulates (as it does for less simple
reasons for even moderate values of T). For the form of I-
ter discussedin the text [i.e., k successie equal-weight moving
averagesof length (2m=k) + 1]; the spectrum window is

sin(m=k)1 >

Bi(h) = Tnekysing

and the e ectiv e degreesof freedom are
"z # 7z
2 B« (!)d!

0 0

BZ(! )d!

= 2k(T 2m 1)=2m + 1):
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Appendix 111

The Fast Fourier Transform
The Basic Idea

The fast Fourier transform is any one of a classof highly e -
cient algorithms for computing the complex Fourier coe cien ts
of a discrete (time) seriesX;;t = 0; ;T 1; when T is highly
composite (has many small factors). (Its history is sketched in
Section I11.) It is primarily a complex (discrete) Fourier trans-
form for complex X; and will be discussedassuch. In counting
operations, etc., we shall at rst be referring to complex oper-
ations.

The basic idea can be illustrated in the casewhen T has
two factors, say T = p1p2: The complex Fourier coe cien t at
frequency ! m = 2 m=T is

1

X('m)= X g2 [(m=T )
t=0
X i 1 ) m
= Xui+uyp, €XP 2 iU + uzpz)
P1P2
u;=0 uy=0
X1 . m
= exp 2 iug——
P1P2
up=0

[X 1
. m
XU1+U2F31 exp 2 qup_

2
uy=0

In a similar way aswe have decomposedt in terms of p; and pz;
sowe can expressm asm = U;p; + Up; where0 U; p; 1

and0 U; p2 1:Using this decomposition the sum reduces
to L
X
exp 2 iulw
P1P2
u1=0
;X 1

XU1+U291 exp 2 iuZ%

up=0 p2
(Note the cancelling in the innermost complex exponertial.)
The inner sum is of length p, and need be evaluated for only
p1 dierent valuesof u; and p; dieren t valuesof U;; requiring
p2 p1p2 multiplies in all. Having computed all possible values
of the inner sum, the outer sum, of length pi; needsto be
computed for p; valuesof U; and p2 valuesof Uy; using p1 p1p2
multiplies. Thus, evaluation of the Fourier transform at all
pip2 = T Fourier frequenciesrequires (p1+ p2)pipz = (p1+p2)T
multiplies. Naive calculation requires T2 multiplies. Note that
the inner sum represerts, when we hold u; constant and let
U, vary, a Fourier transform of length p2: If T = pip2;  ;pr;
then (p1 + p2 + + pr)T multiplies suce. In particular, if
T = 2"; we can compute the complete set of Fourier coe cien ts
using 2nT = 2TlogT multiplies. If T = 1024 = 2%°; then
2Tlog T = 20;480 while T2 = 1;048576 which is more than 50
times 20,480.

The C-T and S-T Algorithms

There are at least two somewhat di eren t algorithmic ap-
proaches to implementing the fast Fourier transform, one due
to Cooley and Tukey (the C-T method) [8], and another (the
S-T method) programmed by Sande[14] along lines suggested
in lectures by Tukey. We shall treat both, hoping to clarify
the relationship betweenthem and, aswell, to gain familiarit y
with and understanding of what is really going on in the fast
Fourier transform.

We shall use the very useful notation employed by Sande
e(f) = exp(2 if ):

With this notation, the transform to be computed is

X 1
X(m)= e(tm=T)Xy;
t=0

m = 0; T 1

Suppose, T = pipz;  ;pr = prpr 13 5P (P > 1; but not
necessarily prime), then there are two natural ways to decom-
poseany integer < T into \digits" in a (possibly) compound
scale of notation.

1)t=up+ upr + + Ur P1p2 Pro1
=urtux 1+ + U ¢
and
2m=U + U 1pr + U 2prpr 1+
+U1pr p2
= i+ +& r.

r 1

For convenience later we introduce the following notation for
truncated sectionsof m and t

ti) (rst j terms of t)

= ur+uz 1+ + U; j 1
and
mg) = (rst r j+ 1terms of m)
= i+ +U_j r:

r i

In words, the u; are the \digits," in reverseorder, whent is
written in the compound style of notation in which p; goes
with the left-hand digit, while t(;, corresponds to the lowest
of thesedigits. Analogously, the U; are the \digits,” in normal
order, when m is written in the compound style of notation in
which p; goeswith the left-hand digit, while m(;, corresponds
to the lowestr j + 1 of these digits.
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The Working Identities

The key to the C-T and S-T methods lies in the following
identities, which make strong use of the fact that e(f + g) =
e(f ) whenewer g is an integer

#
X Xy
e(tm=T) = e Uk « 1 -+
w k=1 i=1 #:é
X X -
= e T (C-T)
Lk=l =k ! 4
X X -
- e Uj Uk - (S-T)
j=1 k=1 !

The rst important step in the fast Fourier transform is the
following identit y
X1 X 1
e(tm=T )X =
t=0 u1=0

9( 1
e(tm=T)X;:

ur =0
Using the C-T identity, this is seento be equivalent to

X 1 X #‘Xl" X #
e u U—J Uj

e Uz 1 —
u1=0 j=1

i ) i
X 1 h

u=0 j=2
e Ur

ur =0

u !

r 1— Xu1+u2 1+ +ur 1

1 1
X M) X

U1 U2
= e up— e U e Ux—

uz=0
1

# "y

XU1+U2 1t tuUr oo

P
T:0 ! e(tm=T )X leadsto

The S-T decomposition of |

1
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Comparison of the Algorithms

The C-T and S-T equations are almost identical in form.
At the jth stage,pip2 pr=p = T=p; discrete Fourier trans-
forms of length p; are needed. The T valuesthus computed are
then multiplied by afactor which takesthe form e(u; 1m;,=T)
(for C-T) or e(Ujt; 1= ;) (for S-T). The easeof using each
method depends on the easeof nding these factors. (It nay
sometimesbe advantageousto bring the factors inside the adja-
cert summation, but the problem of computing them remains.)
The primary advantage of the S-T factor is that the integert;,
is already neededto nd the storagelocation of the value which
the factor multiplies. The relation of this location to m;, is
more indirect, requiring, in the casewhen all px = 2; a bit re-
versal. Thus, unlessthe data should be stored in an abnormal
form, the S-T method seemsalgorithmically more simple. This
conclusionis valid when the Fourier transform is computed \in
place." By copying back and forth betweentwo storage areas,
the advantage of the S-T algorithm disappears.

Both methods lead to an array of Fourier coe cien ts in a
very scrambled form (when computed \in place"). The coe -
cient correspondingtom = U, + Uy 1pr+  +Uipr p2 ends
up at the location which was originally occupied by X u,+ u,p, +

+Urps pr 1. IN the casewhen p; = p2 + = pr; the \un-
scrambling" can easily be done in place. In other casesit seems
at presert to be necessaryto do some copying.

Use of the Algorithm

The fast Fourier transform asit is programmed (by Sande
using the S-T algorithm) and available at Princeton Univ ersity
has as input a formal seriesof length T = 2" with real and
imaginary parts in two separate arrays. The program replaces
the real and imaginary parts of the data with the (unscrambled)
real and imaginary parts of the transform. If one hasreal data
there are (at least) three ways to proceed,taking advantage of
the relationship X (1 ¢) = [X (' 1 «)] :

1) Raw use (wasteful of both storage space and operations):
Use the raw transform with the actual (real) input in the
real-part array and zerosin the imaginary-part array. This
requires storage of length 2T and produces2T components
of T complex Fourier coe cien ts of which only T are needed
[say for subscripts up to (T + 1)=2 or (T + 2)=2].

2) Dual use [e cien t when two seriesof (nearly) equal length
are to be transformed for any purp ose]: If we have two real
seriesX and Y; we can perform the raw fast Fourier trans-
form on Z; = X + iY¢: Then

X(k)=Re[(Z(' )+ Z(' 1 «))=2]
+ilm[Z(Y k) Z(' 1 «)=2]
and
YU )=Im(Z( )+ Z(0 1 «)=2]
iRefZ(*«) Z('7 «))=2]
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3)

suce to givethe 2T componerts of the two sets of Fourier
coe cien ts involving the rst (T + 1)=2 or (T + 2)=2 fre-
guencies.

Odd-even use (almost a special caseof 2) above): If T is
even, consider the identit y
X 1 (Tx2 1
X (‘ k) = e(tk:T)Zt = e(Zsk=T)X 2s
t=0 s=0
(Tx@ 1
+ e(k=T) €(2sk=T)X 2s+1
s=0
(Tx@ 1
= e(sk=(T=2))X 2s
s=0
(Ts@ 1
+ e(k=T) e(sk=(T=2)) X 2s+1

s=0

whoselast form is essetially the invention made by Daniel-
sonand Lanczos[5]. (This is actually a particular caseof an
identit y used earlier.) Thus, we seethe transform of length
T can be found from two length T=2 transforms on the two
(real) seriesXo;X2; ;X7 2 and X1;X3; ;X7 1: Pro-
vided we can manageto split the seriesup this way, we can
compute the two transforms using method 2) above and re-
combine them together with the complex exponertial. The
splitting (in place) hasbeenprogrammed (by Bingham) tak-
ing advantage of the decomposition into disjoint cyclesof the
permutation to which it is equivalent.
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