Prediction for Non-Stationary
Stochastic Pro cesses

Prologue

The paper included with this report was publishedin the Proceed-
ings of a Conferenceat the Mathematics Researtb Certer, Univer-
sity of Wisconsin, Madison, Wisconsin, October 3-5, 1966. After
the Conference| did not dewlop the ideasfurther. Howewer, while
recovering someold les | cameacrosssomeof the information rel-
evant to the paper, and decidedto look at it again. At this point |
have reconstructedthe program usedto carry out the computations
descriked in the empirical results Section. Neither the data in ma-
chine readableform nor the actual program were retained. | found
that | did have the data in the original (graphical) form that | re-
ceived them from the GeneralMotors Reaseals Certer, and | found
a program which was derived from the one usedin the paper.

Using thesematerials it was possibleto recomputethe reported em-
pirical results. The new results are similar to what was originally
reported, but di er somewhatdue to changesin the handling of the
end-termsin the smoothing of the complex-demalulates. | am still
experimerting with tapering techniquesto determinehow they a ect
the extrapolation. | doubt if I will discorer exactly what tapering
wasusedin the paper. (Seepoint 1 of the third paragraphof Section
IV, pg. 263.)

| have written Octave (Matlab) code to perform the algorithms de-
scribed in the paper in order to make the technique more readily
accessible (This will be postedsoon.) The original programswere,
of course,written in Fortran. Speci cally, the original program was
written for the Princeton IBM 7094. This computing system had
a capability which was unique at the time: a CRT display and a
35mm Im camerawere attached online. Thus, the madine could
be usedas a (rather large and cumbersome)graphical workstation,
with high resolution graphical display and recording. This was the
mode | usedfor computing theseresults.
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1. New Results

At presen only a few changeshave been made to the analysis p-
reserted in the paper. By far the most important change was to
determinethe e ect of removing the meanand trend in the original
data beforethe complex-demalulation and extrapolation. After the
extrapolated serieswvascomputed,the meanand trend of the original
was addedbadk in. Using this proceduremadea substartial change
to the complex-demalulates and to the extrapolation.

1.1 Use of Data with Trend

| thought about how it happenedthat | computed the results for
the paper without removing the meanand trend. | remenber being
aware of the leakage e ects of trend, and remenber providing for
trend removal in related programswhich | wrote at that time. It
is also surprising that John Tukey did not remark on this point. |
still have a draft with his commerts (in red ball point, asusual), but
they do not include mertion of trend removal. It is possiblethat he
assumed had \done the right thing." Howewer, whether removing
the sampletrend is the only valid choice is not clear. Remaoving
the trend may tend to prevernt detection of very low frequencies.Of
course,the ! = 0 demadulate is mean and trend removed in any
case like all the others, beforethe extrapolation.

Below we show the results for computations exactly as shown
in the paper, but with the mean and linear trend removed from
the original time series. The extrapolation is done on the complex-
demadulates, theseare summed,and the meanand trend are added
bad to form the extrapolated series.
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The accuracyof the predicted valuesfrom t = 145through t =
159is substartially improved over what was showvn in the paper. In
the original paper the extrapolation was done for 20 time points.
For Figure 1.2 and 1.3 above, the extrapolation was computed for
36 points. This additional extrapolation shavs that the seasonal
variation is retained in the extrapolated series.

There is someevidencethat the useof the serieswithout trend
removal permitted extrapolation of frequenciesbelown the frequen-
cy with period = 144 But, this may just be an artifact of this
particular data set.

It is obvious that leakagestrongly a ected the phaseof the de-
modulate at =18 Howewer, the t of the remodulated seriesto the
original is very similar with or without trend removal.

2. Air Passenger Data

When the materials for this paper were found a time seriesof num-
bersof international air passengersvasalsofound. This is a monthly

seriesof airline passengenumbers(in thousands)from January 1949
through Decentber 1960. Thesedata were rst reported in [1], and
have becomea standard examplein texts about time series.The se-
ries has an obvious seasonaktomponert. It is much more \regular”

than the Buick Salesdata, but still not obviously stationary. | do
not recall trying thesedata with the original program, but hereare
the results. Theseresults were computed, using trend removal, with

the samesmaothing parametersas used for the Buick Salesdata.
The frequenciesusedwerek = 0;...; 19 Sincethe data are sampled
morthly, the set of seasonafrequenciess k = 1;...;6: Experimert-

ing with k sequencesvith upper valuesof 12, 18, 24, and 30 shaved
that the value 24 (25 frequenciesncluding 0) gave the lowest RMS
extrapolation error. This e ect is not obsened for the moreirregular
data in the paper.

The rst 108samplepoints wereusedfor the computation of the
complex-demalulates. The time point 108is indicated in the follow-
ing plot by the vertical bar. The data from obsenation 109through
228 are extrapolated. This seriesis obviously easierto extrapolate
than the Buick Salesdata, and a variety of parametric approades
would likely do quite well.
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2.1 Context of this Approac h

This approad to extrapolation ts within the set of ideasdealing
with the statistical aspects of localization in frequency and time.
One of the earliest useswas Abraham Wald's[4,5] dewelopmen of
a seasonaladjustmert method while he was at the Austrian Insti-
tute for BusinessCycle Researb in Vienna. This method, which is
also descriked in reference[3],is basedon the assumptionthat the
fundamertal seasonalfrequencyand its harmonicsvary with time
but are mutually correlated. Use can be made of the correlation of
the frequencycomponerts to improve the estimate of the time vary-
ing seasonalpattern. This technique worked quite well in practice
for economicdata, and was used for a time from the mid 1930's
by the Austrian Institute. It was also consideredas a possible of-
cial method of seasonaladjustmert by the US Bureau of Labor
Statistics. After considerablereview and experimertation, it was
not adopted. One important negative factor was that the method
tended to presere more variation in the data than the widely used
\Census Method." Generally short run variation is viewed by both
producersand consumersof economicdata, as a bad thing.
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A further, and better known, major step was made by Dennis
Gabor[2] in his \Communication Theory" paper in 1946. He dis-
cussedtime-frequencylocalization in the cortext of the analysis of
auditory signals. Despite mertioning that the auditory medanism
naturally operatedon a logarithmic scale,he useda linear frequency
decompsition. Had he useda logarithmic decompsition he would
have, for practical purposes,beenapplying a wavelet transform sys-
tem.

Theseoriginal ideaswere deweloped beforedata processingusing
computersbecamepractical. Oncecomputing was readily available,
techniques, sud as complex demadulation, becamepractical tools.
Thus, the paper that follows this introduction.

Many techniqguesmay be consideredpasedon the time-frequency
localization assumption. The extrapolation of the complexdemadu-
lates is just one. Another natural ideais to revisit Wald's assump-
tion by computing the eigervaluesand eigervectors of the matrix of
complex-demalulates. It may be that most of the variation in the n
vectorsis cortained in the rst few eigervectors. If this is the case,
only estimatesof these vectors are neededfor extrapolation. The
correlation can be usedto improve the estimation of the reducedset
of vectors.
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Prediction for Non-Stationary  Stochastic Pro cesses

Michael D. Godfrey

1. Intro duction

While prediction theory and practice for stationary processesare
extensiely deweloped, (Wiener (1949), Whittle (1963)) direct appli-
cationsof this dewelopmert have not beenparticularly successfulln
somecasedt would appear that non-stationarity hascortributed to
the lack of predictive success.

In this paper we will outline a practical procedurefor forming
predictions which requires only \lo cal stability" of the generating
process. In addition, this procedurewill permit usto corvenienly
treat processesvith approximately cyclic variations, sud as certain
seasonapatterns.

2. Prediction Mo del

We may indicate one possiblemeansof motivating our procedureby
considerationof the represetation:*
Z

X¢ = e' k(! ;t)d! ; (2:1)

wherek(! ;t) = a random function of ! and t which is orthogonal
on ! ; and x; is the time serieswhich we will predict using only
the information cortained in a realization. In order to descrike the
process,we wish to form an estimate of

f()= EKCE Dk (1) (2:2)

wherethe asterisk denotesthe complex conjugate. In the caseof a
stationary processwheref (! ;t) = f (! ); we may form an estimate,

f(1); of the spectral density:
f()=EK()k () (2:3)

L An alternative represetation hasbeengiven by Priestly (1965).




260 Prediction for Non-Stationary  Stochastic Pro cesses

and derive a prediction scheme from the estimated spectrum. S-
ince f'(! ) is not a function of time, there is no problem in using it
in order to make inferencesabout future values of the realization.
Howeer, in the non-stationary caseconsideredhere, the spectral
density f (! ;t) is changing over any realization which we may have.
Therefore,it seemaunreasonablego estimatethe spectral density by
taking a simple averagedown the realization sincethis resultsin an
averagewhich treats ead obsenation equally More generally any
symmetrical treatment will be equally unreasonable.

In particular, we may considerthe caseof a linear trend in the
frequency componerts of the spectral density function. Then the
spectral density may be represeted by:

f(;t)y=9g()+ Al )t (2:4)

By averagingdown a realization of n obsenationsfromt = 1;...;n;
we will be estimating the density function

n+1

f(')=9()+ A(!) : (2:5)

Howe\er, if we areinterestedin prediction of x; at somepoint in
time n+ ; then we would like to have an estimate of the spectral
density of the processup to the time n + : In the simple caseof a
linear trend in the spectrum, an estimate basedon equation 2.5 will
be closestto the true changing spectrum at t = % and farthest
att = 1andt = n: This is clearly an undesirable property for
prediction.

The traditional procedurefor estimation of spectra, and subse-
guert computation of optimal predicting Iters hasinvolved estima-
tion of serialcorrelation coe cien ts. Someassumptionof stationarity
over the ertire length of the realization is required in order to make
the usual inferencesfrom these estimates. Howeer, an alternative
procedurefor estimation of spectra is to apply digital Itering.

In the simplest casewe may think of estimating the spectrum
of a processby rst band pass ltering the at a set of frequencies
(presumably equispaced)on the range 0 to ; and then computing
the variance of ead lItered series. We have beenable to perform
the frequencydecomposition without requiring stationarity. Thus,
by following this kind of procedurewe may considerpossibleschemes
for handling non-stationarity at ead frequency
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3. The prediction Algorithm

If we think in terms of digital Itering, it seemsnatural to consider
extrapolating the results of the digital Itering at ead frequency
While the best procedure will very likely depend to some extert
on particular properties of the seriesbeing studied, a fairly general
procedureseemdgo be to usea sthemeof the form:

X!
A(tst) = Ku(t) + ac(t )t + xs(1A(;t s); (3:1)

s=1

where K (!'); ax(' ); and (! ) are constarts, and A(! ;t) is an
estimate of the power spectrum at frequency! andtime t: A similar
sthemeis applied to the phaseof the ltered series.A computation-
ally simpleway of doing this is asfollows:

We rst complex-demalulate? the seriesx; by forming
Xie = L(€"1'%);  j=0....m (3:2)

wherex;; is the complex-demalulate of x; around frequency! ; and
L( )isalow passlter. The m+ 1 frequenciesat which we demad-
ulate may, if we have no prior knowledge about the series,simply
be chosento lie uniformly betweenO and : The appropriate value
of m will depend on estimation criteria to be discussedater. How-
ewer, if we have someknowledge of the structure of the processof
which we have a realization, we may choosethe demadulation fre-
guenciesn order to obtain estimatescertered on frequenciesof par-
ticular importance. In particular, if there seemgo exist somekind of
changing seasonapattern in the record, then we should demadulate
at the fundamenal seasonalfrequencyand ead of the harmonics
if we intend to predict the seasonalas part of the process. If, on
the other hand, we want to getrid of the seasonabnd predict only
the \non-seasonal"variation, then we should pick the demadulation
frequenciessoasto avoid the seasonals.

We should now obsene that
f(it) = BE(Xe X)) (3:3)

Thus we may considerthe formation of estimatesof the changing
spectrum by taking moving averagesof Xj; X, :

2 For afuller discussionof complex-demalulation seeTukey(1959)
and Godfrey(1965).
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Howewer, we may form our prediction of x; directly be extrap-
olating ead complex-demalulate, then remodulating and summing
the resulting series. We extrapolate the x;; by a shhemebasedon
equation (3.1)

X1 X2
jki:tjz =K (! j) + a(! j)t + s(! j)jkj;t sj2 + s(! j)jxj;t sj2

s=1 s=0

(3:4)
and a similar expressionfor the phaseof x;; : We carry out the ex-
trapolation to n+ ; where isthe number of time periodsinto the
future which we wish to forecastand n is the time point of the last
obsenation.

We then remodulate the %;; by
Xt = Rjpe "t (3:5)

and form our nal prediction by

Ry = < Xjt - (3:6)

Since we estimate the variance at ead frequency by equation
(3.4), nothing in this procedurerequires stationarity of either rst
or secondmomerts. All that we require for successn prediction
is predictable changein the complex-demadulates. If the original
seriesis from a stationary white noise processthen this procedure
not prove moresuccessfuthan the simple procedureof predicting the
mean of the series. Howewer, the more time varying structure there
is in the process,the better will be the forecastsby this procedure.
In particular, if there is a deterministic componert given by

xX=( + te"it (3:7)
then its complex-demalulate at !'; will be
Xjp = + T (3:8)

Givenalongenoughrealizationto permit the formation of reasonable
estimatesof and we canpredict this componert with avery small
error.

Incidentally, it is interesting to point out in this cortext that
we can easily introduce into the computation a weighting function
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which represets our relative valuation of errors at ead frequency
Thus we would replaceequation (3.6) by
xXn
RO= < Gy (3:9)
j=0
wherec; = arbitrary weighs constrainedby
xn
G =m+1 (3:10)
j=0
Howewer, we may choosethat setof m weights which bestre ect our
determination of the costsof prediction errors at eat frequency

4. Details of Estimation Pro cedure

In attempting to form predictions using the sthemeoutlined above,
choicesneedto be made concerningthe bandwidth of the low-pass
Iter usedin demadulation and the coe cien ts for the extrapolation
of the demadulates. Thesechoicesare clearly interdependen asthe
bandwidth of the Iter determinesthe number of obsenations which
are lost at the end of the seriesand the apparent smaothnessof the
series.

In the translation of the basicprocedureindicated above into an
operational numerical algorithm oneimportant addition was made.
The raw and partially Itered obsenations nearthe end of the real-
ization were included with the demadulates and usedin the extrap-
olation. This appearsto produce somewhatimproved estimatesas
it permits using a long moving average,from which better trend and
low frequencyestimatescan be obtained, without completely losing
the terms nearthe end of the realization.

The stepsinvolved in the algorithm are as follows:

1. In order to form the complex-demalulates we use convolutions
of unweighted moving averages. This generatesthe kind of low-
pass ltering operation which we want in many fewer numerical
operations than would be required if we usedthe weighs given
by the Fourier transform of the Iter function. In addition, we
partially (after sometapering) presene the end terms at ead
step of the corvolution for usein the prediction equation. Thus
we carry out the following operations,

X9 = %€ t=1...;n
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X
X = (4:1)

S= kr

X«
(r) — x(r .
Xﬁt - Jt+s
S= kr
If we apply r corvolutions we have remaining a seriesof n terms
which ea has at eahh end k; terms which are x{(t = n

ki;...;n); ko termswhich arex(t = n ki+kg;...;n ke 1),
etc. In practice we have usedthe special caseof this sdwemewhere

r=4

and
k = k]_ + k2 + k3 + k4: (42)

Thus the one parameter which we have at our disposal at this
point is k:

2. After forming a set of m + 1 complexvalued seriesx: t) forj =
0;1;...;m; we must then form extrapolations of theseserles.S-
ince theseseriesare necessarilyfairly smooth functions of time it
is natural to apply a low order linear regressie sdheme. Howe\er,
before applying the linear regressie stheme, we have estimated
trend coe cien ts accordingto:

J(‘t‘) =g + bht+ yj: (4:3)
We then apply the linear regressionto y;; and add bad in the
meanand trend termsto form the predictedcomplex-demalulates
by forming
X1 X2
Xt = Xt st sYit s (4:4)
s=1 s=0

wherey;; = 0fort > n and then
Rjt = % + @ + ht:
Sinceit is the magnitude and phaseof x(4) which we hope will

be slovly changing functions of time, equatlon (4.4) should be
interpreted in terms of polar coordinates. Thus we extrapolate
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jyjti?and j; rather than the real and imaginary parts of ;1 :
is, of course,given by

i = tan =i <yl (4:5)

wheretan ! is afunction of two argumerts which are respectively
the imaginary and real ordinates of the angle :: At this point
we have to choose values for the coe cients ¢ and : If we
considerequation(4.4) asa Itering sdeme,then we will want to
choosethe s and ¢ onthe basisof the properties of the transfer
function which they determine. This transfer function is given by

12 s2° (n+s t)

T(z) = —2>p ; 4:6
@= Py (4:6)
where
=1 | 0
=0 | < O

Thus we want to chooseT (z) accordingto criteria of phaseand
gain properties which depend on the number of time period-
s which we want to predict. We could consider estimating the

s and s from the complex-demalulates using regressionpro-
cedures. Howeer, in the presen study we have simply chosen
coe cien ts on the basisof generalgain and phasecriteria.

3. Once the series®;; have beenformed for valuesof t to n +
where is the number of periods which we wish to predict, then
we simply form

X .
Re=<  Rpe it 4:7)
j=0

asthe nal forecast.

5. Empirical Results

The following gures show the results of the application of this pro-
cedureto an actual time series. The application of the procedure
is, at presen, at an early exploratory stage. Howewer, the results
shovn belov seemto suggestinteresting possibilities.

The seriesthat was used was chosenpartly due to its appar-
ert time-varying seasonalpattern. The seriesis composed of ob-
senations taken at approximately 10 day intervals. The data were
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recordedin sud a way that there are exactly 36 obsenations per
year. Thus the fundamenal seasonalfrequencyand its harmonics
occur at:

k
I = — k=1;...;18
18
We usedthese 18 frequenciesand ! = 0 for the demadulation fre-

guencies.The value of k for the ltering of the demadulates was 6.
Figure 5.1 shavs the demadulates and extrapolations of the demad-
ulatesfor three selectedfrequencies.The graphsshown the smoothed
demadulates up to t = 144 and the extrapolated seriesafter that
point. The equationusedwas:

Xjp = 1571 1 O7% 2+ 0:07%y; 1+ 0:06y; o, t=4k+ 2 ton;

Xip = 157y 1 0% o t=n+1 ton+ ;

In this casewe used
n= 144

= 20

Figure 5.2 shaws the original seriesfrom which the demadulates
were computed. Figure 5.3 shavs the remodulation of the smaothed
and extrapolated demadulates (i ): Finally, Figure 5.4 showsthe d-
i erence betweenthe original seriesand &;: We had 159 obsenations
of the original seriesx;: Howewer, we usedonly the rst 144 obser-
vations in computing ®;: Therefore,there are 15 points for which we
have known valuesof x; for comparisonwith the predicted values.

The point at which we stopped using the original seriesfor the
computation is indicated by a vertical line in eadr gure. In Figure
5.2 the points to the right of the line are obsenations which were
ignored. In Figure 5.3 thesepoints are the predicted values.
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From inspection of Figures5.3 and 5.4 the predicted valuesseem
to reproducethe periodic structure of the serieswith someindication
that the prediction has properly adapted to the changing structure
of the series.

It has not beenpossible,so far, to examine more formally the
practical performanceof this procedure. Howewer, we should men-
tion that many of the classicaltests of prediction error cannot be
directly applied asthey rely on stationarity for their meaning.

6. Conclusion

We have stated a prediction procedure for realizations from non-
stationary stochastic processesvhich requiresonly that the spectral
density function vary relatively slonvly with time. We considerthe
seriesas if it had beengeneratedby an appraximately linear, but
time varying, process.

We have written a program, in preliminary form, for the compu-

tation of this procedure. The application of this procedureto actual
data yields interesting and encouragingresults.
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